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Abstract 
It has been previously shown by Bryant and Lindner that the only values of m for which 
2-perfect m-cycle systems can be equationally defined are m e {3, 5,7}. In this paper more 
general graph decompositions of an m-cycle system are defined, namely extended cycle systems, 
and it is shown that if m is odd then extended m-cycle systems can be equationally defined if and 
only if m ~ {3, 5, 7}. The equations used to define the extended cycle systems are the same as 
those for cycle systems except that the idempotent law no longer applies. 
1. Introduction 
Denote  by K ,  the complete undirected graph on n vertices and  by K~, the complete 
undirected graph on n vertices with a loop at each vertex. In what  follows we will 
denote the fol lowing subgraphs  of K ,  ~ as indicated: 
loop 
~2 • o • 
Xm I Xm 
tadpole of length m 
Any m-tuple of the form 
(Xo,Xo, X0, ... ,Xo) 
Any cyclic shift of 
(Xo~Xo,X I , . . . ,X  m 1 ,Xm,~'gm- l , . . . ,Z (2 ,X l )  
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X 0 
Xm-2 
Xi+l ~ X i  I 
X i 
cycle of length m 
X 2 
Any cyclic shift of 
(Xo,XI~X2~ ... ,Xra-1) or  
(Xo,Xm 1,xm-2,...,xl) 
The usual definition of a Steiner triple system (= triple system) of order n is a pair 
(S, T), where T is an edge disjoint collection of 3-cycles which partition the edge set of 
K, with the vertex set S. The above definition can be amended as follows: A triple 
system is a pair (S, Tl), where T l is an edge disjoint collection of loops and 3-cycles 
which partition the edge set of K, z with the vertex set S. In what follows (for reasons 
which will become abundantly clear) we will use the alternative definition. Regardless 
of which definition we use it has been known for long ( = since 1847) that the spectrum 
for triple systems (= the set of all n such that a triple system of order n exists) is 
precisely the set of all n = 1 or 3 (mod 6) [3]. (However, the spectrum is of no concern 
here.) So let (S, T *) be a triple system (with a loop represented by (x, x, x)) and define 
a binary operation 'o '  on S by: xoy  =yOx = z if and only if (x,y,z)~ T t. This 
construction is called the standard construction (for Steiner triple systems). 
Example 1.1 (Triple system of order 7 and the groupoid constructed from it using the 
standard construction.). S = { 1, 2, 3, 4, 5, 6, 7}, T z = { (1, 1, 1), (2, 2, 2), (3, 3, 3), (4, 4, 4), 
(5, 5, 5),(6, 6, 6), (7, 7, 7), (1, 2, 4), (2, 3, 5), (3,4, 6), (4, 5, 7), (5, 6, 1), (6, 7, 2), (7, 1, 3)}. 
© 
1 
2 
3 
4 
5 
6 
7 
1 2 3 4 
1 4 7 2 
4 2 5 1 
7 5 3 6 
2 1 6 4 
6 3 2 7 
5 7 4 3 
3 6 1 5 
5 6 
6 5 
3 7 
2 4 
7 3 
5 1 
1 6 
4 2 
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A cursory glance at the groupoid (S, o) in the above example reveals that it is 
a quasigroup; and not only a quasigroup, but a quasigroup satisfying the three 
identities I = {x2= x, (yx)x = y, xy = yx}. Rather than being a happenstance 
this is always the case; i.e., the groupoid constructed from a triple system using 
the standard construction is always a quasigroup satisfying the identities I. 
The converse is also true. That is to say, if (S, o) is a quasigroup satisfying 
the identities I, then (S, o) can be constructed from a triple system using the 
standard construction by defining T l = {(a, b, a © b = b o a = c)] a, b E S }. It is a trivial 
matter to see that (S, T ~) is a triple system and that (S, o) can be constructed from 
(S, T ~) using the standard construction. All of the above is described by saying that 
a Steiner triple system is equivalent to an idempotent {xZ= x} totally symmetric 
{(yx)x =- y, xy = yx} quasigroup. 
The relationship between Steiner triple systems and idempotent totally symmetric 
quasigroups i , of course, well known. The following relationship between extended 
triple systems and totally symmetric quasigroups, though trivial, is less well known 
[2]. An extended triple system of order n is a pair (S, T~), where T t is an edge disjoint 
collection of loops, tadpoles of length 1, and 3-cycles which partition the edge set of 
K~, with the vertex set S. It is a well-known Folk Theorem that the spectrum for 
extended triple systems consists of all n/> 1. For example, take S = Z, and define 
T l = { (x, y, z) lx + y + z =- 0(rood n)}. If we represent a loop by (x, x, x) and define 
a binary operation' o'  on S by x o y = 3' o x = z if and only if (x, y, z) e T ~, then (S, o) is 
always a quasigroup satisfying the identities J = { (yx)x = y, xy = yx}. This construc- 
tion is also called the standard construction (for extended triple systems). The other 
way around is true as well. That is, if (S, o) is a totally symmetric quasigroup, then 
(S, o) can be constructed (using the standard construction) from the extended triple 
system (S ,T  t) where T l = {(a,b, aob  = boa  = c)la, b ~ 
Example 1.2 (Extended triple system of order 6 and the quasigroup constructed from it 
using the standard construction.). S={1,2,3,4,5,6}, T t= {(1,1,1),(3,3,3),(5,5,5), 
(2,2, 5), (4, 4, 1), (6, 6, 3), (1, 2, 6), (1, 3, 5), (2, 3, 4), (4, 5, 6)}. 
1 2 3 4 5 6 
1 6 5 4 3 2 
6 5 4 3 2 1 
5 4 3 2 1 6 
4 3 2 1 6 5 
3 2 1 6 5 4 
2 1 6 5 4 3 
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As with Steiner triple systems we say that an extended triple system is equivalent to 
a totally symmetric quasigroup. 
The above two relationships are summarized in the following table. 
Decomposition of Equivalent quasigroup using 
K. ~ into copies of the standard construction 
v w 
Steiner triple system 
0 C)-. 
Extended triple system 
X 2 ~X 
(yx )x=y 
xy = yx 
(yx)x=y 
xy = yx 
The identities in the right-hand side column are said to be defining identities for the 
graph decompositions in the left-hand side column. 
An m-cycle system of order n is a pair (S, C), where C is an edge disjoint collection of 
m-cycles which partition the edge set of K, with vertex set S. Just as for triple systems 
we can amend this definition by adding loops. That is, we can define an m-cycle system 
of order n to be a pair (S, C t), where C t is an edge disjoint collection of loops and 
m-cycles which partition the edge set o fK ,  ~ with vertex set S. In view of the relationship 
between Steiner triple systems and extended triple systems the following definition is 
reasonable. An extended (2m + 1)-cycle system ((2m + 1)ECS) of order n is a pair 
(S, Cg), where C g is an edge disjoint collection of loops, tadpoles of length m, and 
(2m + 1)-cycles which partition the edge set of K, ~ with vertex set S. 
Now let (S, C ~) be an extended (2m + 1)-cycle system (so (S, C z) may well contain no 
tadpoles and therefore be a (2m + 1)-cycle system). If we represent a loop by the 
m-tuple (x, x,x . . . . .  x) we can define a binary operation 'o '  on S by x oy  = z and 
yox  = w if and only i f ( . . . ,w ,x ,y ,z  . . . .  ) E Ck 
Not too surprisingly we will call this construction THE STANDARD CON- 
STRUCTION since it reduces to the standard construction for Steiner triple systems 
and extended triple systems when 2m + 1 -- 3. Unlike the case for triple systems and 
extended triple systems, the standard construction does not necessarily produce 
a quasigroup when 2m + 1 ~> 5. In order for a (2m + 1)ECS to produce a quasigroup 
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using the standard construction it must have the additional property of being 
2-perfect. So a definition is in order. Let (S, C l) be a (2m + 1)ECS of order n and for 
each graph c ~ C ~ denote by c(2) the distance 2graph of c (that is, the graph formed on 
the same set of vertices as c by joining two vertices if and only if they are distance 
2 apart in c) and let C(2) = {c(2) 1 c e C }. If the graphs belonging to C(2) partition the 
edges of KS, then (S, C ~) is said to be 2-perfect. We remark that the distance 2 graph of 
a loop is the same loop, a tadpole is a (not necessarily the same) tadpole, a (2m + 1)- 
cycle is a (not necessarily the same) (2m + 1)-cycle. Now Steiner triple systems and 
extended triple systems are always 2-perfect, but if 2m + 1 >/5 this is not necessarily 
so (to put it mildly). The reader is referred to [6] for a detailed account of 2-perfect 
cycle systems. 
Example 1.3 (5ECSs of orders 4 and 6 and groupoids constructed using the standard con- 
struction). (1) S = {1,2,3,4}, C] = {(1, 1,2,3,2),(2,2,4,3,4),(4,4, 1,3 1),(3,3,3,3,3)}. 
So C] contains 1 loop and 3 2-tadpoles. Since (S, C]) is 2-perfect, (S, o1) is a quasi- 
group. 
o 1 1 2 3 4 
1 2 3 1 4 
2 1 4 2 3 
3 4 1 3 2 
4 3 2 4 1 
(2) S = {1,2,3,4,5,6}, Ct2 = {(6,6,1,3,1),(5,5,6,2,6),(4,4,6,3,6),(3,3,5,2,5),(1,1, 
4,2,4),(1,2,3,4,5),(2,2,2,2,2)}. So C ~, contains 1 loop, 5 2-tadpoles, and 1 5-cycle. 
0 2 
1 
2 
3 
4 
5 
6 
1 2 3 4 5 6 
4 3 1 2 4 6 
5 2 4 1 3 5 
6 1 5 5 2 4 
1 4 2 6 1 3 
2 5 3 3 6 2 
3 6 6 4 5 1 
Since (S, C~) is not 2-perfect, (S, 02) is not a quasigroup. 
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Example 1.4 (7ECS o f  order 7 and groupoid constructed using the s tandard con- 
struction). S = {1,2,3,4,5,6,7}, Ct= {(1,1,2,4,7,4,2),(2,2,3,5,1,5,3),(3,3,4,6,2,6,4), 
(4 ,4 ,5 ,7 ,3 ,7 ,5 ) , (5 ,5 ,6 ,1 ,4 ,1 ,6 ) , (6 ,6 ,7 ,2 ,5 ,2 ,7 ) , (7 ,7 ,1 ,3 ,6 ,3 ,1 )} .  So C t consists of 
7 3-tadpoles. 
o 1 
1 2 
2 1 
3 7 
4 6 
5 5 
6 4 
7 3 
2 3 4 5 6 7 
4 6 1 3 5 7 
3 5 7 2 4 6 
2 4 6 1 3 5 
1 3 5 7 2 4 
7 2 4 6 1 3 
6 1 3 5 7 2 
5 7 2 4 6 1 
Since (S, C l) is 2-perfect, (S, o) is a quasigroup. 
The results in the following table are by now well known. (see [1] for example), 
2-perfect decomposition f K t Equivalent quasigroup using 
the standard construction 
Steinertriple system 
(3 
(3 
5-cycle system 
7-cycle system 
X2=X 
(yx)x = y 
xy = yx 
X2~X 
(yx)x = y 
x(yx) = y(xy) 
X2~X 
(yx)x = y 
(xy)(y(xy)) = (yx)(x(yx)) 
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Just as for triple systems and extended triple systems, the identities in the right-hand 
side column are said to be defining identities for the graph decompositions in the 
left-hand side column. The following problem is immediate. 
Problem. Are the identities obtained by dropping the idempotent law from the 
defining sets of identities for 2-perfect 5-cycle and 7-cycle systems defining identities 
for 2-perfect 5ECSs and 7ECSs? 
One of the objectives of this paper is to answer this question in the affirm- 
ative. Additionally, we show that 2-perfect 3ECSs, 5ECSs, and 7ECSs are the only 
classes of extended cycle systems which can be 'equationally defined'. Finally, we 
obtain similar results for the 'opposite vertex construction'. But first some universal 
algebra. 
2. Graph decompositions and universal algebra 
The usual algebraic definition of a quasigroup is a groupoid (Q, o) with the 
additional property that for all a, b e Q the equations x o a = b and a o y = b have 
unique solutions. However, in universal algebra a quasigroup is defined as a 4-tuple 
(Q, o, \ , /) ,  where 'o ' ,  ' \ ' ,  and '/' are binary operations called 'multiplication', 'left 
division', and 'right division', respectively, satisfying the four identities x o (x \y )  = y, 
x \ (xoy)  = y, (x/y)Oy = x, and (xOy) /y  = x. Now given a quasigroup (Q, o, \ , / ) ,  
it is straightforward to see that a\b  = c if and only if aOc = b and a/b = c if and 
only if c o b = a. Because of this symbolic relationship, only one of the operations 
, , , \ ,  , / ,  o ,  \, or is necessary to describe the quasigroup (Q, o, \ , / ) .  Furthermore, 
each of (Q, o), (Q,\), and (Q,/) is an algebraic quasigroup. On the other hand, if 
(Q, o) is a quasi-group described algebraically we can turn it into a universal algebra 
quasigroup by defining ' \ '  and '/' as above. It is trivial to see that the four defining 
identities are satisfied. In what follows to say that (Q, o), (Q,\), or (Q,/) is a 
quasigroup will always mean that (Q, o), (Q, \), or (Q,/) is part of the quasigroup 
(Q, o, '\,/). 
Denote by cd(2m + 1) the class of 2-perfect (2m + 1)-cycle systems and by g(2m + 1) 
the class of 2-perfect extended (2m + 1)-cycle systems. If there exists a variety of 
quasigroups V(I) such that afinite quasigroup belongs to V(I) if and only if it can be 
constructed from a 2-perfect (2m + 1)-cycle system ((2m + 1)ECS) using the standard 
construction, we will say that cd(2m + 1)(g(2m + 1)) is equationally defined. Using this 
vernacular, extended triple systems are equationally defined as well as 2-perfect 
(2m + 1)-cycle systems for 2m + 1 = 3, 5, and 7. 
The following theorem can be found in [_1]. 
Theorem 2.1 (Bryant and Lindner [1]). 2-perfect m-cycle systems can be equationally 
defined for m = 3, 5, and 7 only. 
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We will show that not only can 2-perfect (2m + 1) ECS be equationally defined for 
2m + 1 = 3, 5 and 7, but that (analogous to cycle systems) these are the only classes for 
which this is true. We will handle this result in two parts: first showing that 2-perfect 
5ECSs  and 7ECSs  can be equational ly defined followed by the proof that these are the 
only classes of 2-perfect (2m + 1)ECSs  which can be equationally defined. 
3. Equationally defining 2-perfect (2m+ 1)ECSs for 2m+ 1 =5 and 7 
The following three theorems how that 2-perfect 5ECSs  and 2-perfect 7ECSs  can 
be equational ly defined. 
Theorem 3.1. Suppose that  the quasigroup (S, o, \ , / )  satisf ies 
(1) (yx)x  = y and 
(2) x(yx)  = y(xy).  
Then  there ex ists  a 2-perfect  decomposi t ion o f  Kl~sl into loops, 2-tadpoles and 5-cycles 
f rom which the standard construct ion produces (S, o, \ , / ) .  
Proof. In what follows we will denote a o b by ab. Let {a, b} c S (possibly a = b). Let 
c = ab, d = bc and e = cd. Then, by (1) a = cb, b = dc and c = ed. Also, by (2) with 
x = c and y = d we get de = a, so by (1) ae = d, and by (2) with x = d and y = e we get 
ea = b, so by (1) ba --- e. Therefore, we can succinctly represent these products by 
(a, b, c, d, e) or (b, a, e, d, c) or any cyclic shift of these: so (x1,  x2, x3, x4, x 5 ) repre- 
sents the 10 products x lx i+ l  = xi+2 and xi+2xi+1 = x~ for 1 ~< i ~< 5, reducing the 
subscripts modulo 5. 
Of course not all of a, b, c, d and e = x~, x2, x3, x4 and x5 need to be distinct. We will 
now see that (1) and (2) restrict which of these can be the same. Certainly, all 5 could be 
different so suppose that two of them are the same. 
Case 1: xi = x~+l. Clearly, we can assume that i = 1, so assume that a = b. Then, 
ea = b = a = cb = ca, so e = c. It may be that a, c and d are distinct, but if not then we 
consider three cases. 
Case 1.1: a = c. (so xl = x2 = x3). Then, da = dc = b = ea = aa, so d = a, so we 
get (a ,b ,c ,d ,e)  = (a ,a ,a ,a ,a) .  
Case 1.2: a = d. Then, aa = ba = e = cd = ca, so a = c, we return to Case 1.1. 
Case 1.3: c = d. Then, aa = ab = c = ed = cc, so a = c, we return to Case 1.1. 
Case 2: x~ = x~+2. Clearly, we can assume that i = 2, so assume that a = c. Then, 
ea = b = dc = da, so e = d. We return to Case 1 with x4 = xs. 
Therefore, for any x l ,x2  • S (possibly xl = x2), 
(a, a, a, a, a), 
(x l ,xz ,X3 ,X4 ,Xs)= (a ,a ,c ,d ,c ) ,  or 
(a ,b ,c ,d ,e ) ,  
where a, b, c, d and e are all distinct. 
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Hence, (S, o , \ , / )  is partit ioned into products of the form (a ,a ,a ,a ,a ) ,  (a ,a ,c ,d ,c ) ,  
or (a ,b ,c ,d ,e) .  Denote this partit ion by rc and define a collection of graphs of 
K~, by 
c'  = {(xx,x2,x3,x4,xs)l  <x,,x2,x3,x4,x55 E ~}. 
Then, clearly, (S,C z) is a 2-perfect (since (S, o , \ , / )  is a quasigroup 5ECS and the 
standard construction applied to (S, C t) produces the quasigroup (S, o, \ , / ) .  [] 
Theorem 3.2. Suppose that (S, o, \ , / )  satisfies 
(1) (yx)x  = y and 
(27 (xy)(y(xy))  = (yx)(x(yx)). 
Then there exists a 2-perfect decomposition of  K(sl into loops, 3-tadpoles and 7-cycles 
from which the standard construction produces (S, ©, \ , / ) .  
Proof. Again we denote ao  b by ab. Let {a, b} _ S (possibly a = b), Let c = ab, d = bc, 
e = cd, f=  de, and g = ef  Then, by (1), cb = a, dc = b, ed = c, fe  = d, and g f= e. 
Also, by (2) with x -- d and y = e we getfg = a, so by (1) ag =f ,  and by (2) with x = e 
and y =fwe get ga = b, so by (1) ba = g. Therefore, we can succinctly represent these 
products by (a ,b ,c ,d ,e , f ,g )  or (b ,a ,g , .£e ,d ,c )  or any cyclic shift of these: so 
(x l ,x2 ,  . . . , xT )  represents the 14 products xix~+l = xi+2 and xi+2xi+ 1 ~-  X i for 
1 ~< i ~< 7, reducing the subscripts modulo 7. 
Of course not all ofa,  b ,c ,d ,e , fand  g = xj ,x2 . . . .  ,x7 need be distinct. We will now 
characterize exactly which of these 7 elements of S are allowed to be the same by (1) 
and (27. So suppose that at least two of these elements are the same. 
Case 1: x~=x~+~. Clearly, we can assume that i=  1, so assume that a = b. 
Then, ga=b=a=cb=ca so g=c,  and fg=a=b=dc=d9,  so f=d.  
It may be that a,c,d and e are distinct. But if not, then we now consider several 
sub-cases. Cases 1.1-1.3 consider ae{c ,d ,e} ,  and cases 1.4-1.6 consider 
I{c,d,e}l < 3. 
Case 1.1: a=c  (so xl =xz=x, ) .  Then, aa=ab=c=a=b=dc=da,  so 
a = d, and similarly e = a, so we get (a ,b ,c ,d ,e , f ,g )  = (a ,a ,a ,a ,a ,a ,a ) .  
Case 1.2: a=d.  Then, aa=ab=c=ed=ea,  so e=a,  so xa=xs=x~,  and so 
return to case 1.1. 
Case 1.3: a = e. Then, aa = ab = c = ed = ad, so a = d and we return to case 1.2. 
Case 1.4: c = d. Then, e = cd = cc = dc = b = a, so we return to case 1.3. 
Case 1.5: c = e. Then, a = b =- dc =fe  = d, so we return to case 1.2. 
Case 1.6: d = e. Then, x4 = xs = x6, so this returns to case 1.1. 
Case 2: xl =x i+2.  Clearly, we may assume that i=  1, so a =c .  Then, 
da=dc=b=ga,  so d=g.  Therefore, e=cd=ad=ag=£ so xs=x6 and we 
return to Case 1. 
Case 3: xi---x~+3. Clearly, we may assume that i=  1, so a=d.  Then 
ae = de =f= ag, so e = g. Then xs = xT, so we return to Case 2. 
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Therefore, for any xl,x2 ~ S (possibly xl = x2), 
(a, a, a, a, a, a, a), 
(x l ,x2 ,x3 ,x4 ,xs ,x6 ,xT)  = (a,a,c,d,e,d,c), or 
(a,b,c,d,e, fg ) ,  
where a,b,c,d,e,fand g are all distinct. 
Comments imilar to those at the end of the proof of Theorem 3.1 give a 2- 
perfect 7ECS (S, C z) from which (S, o, \ , / )  can be constructed using the standard 
construction. [] 
Theorem 3.3. 2-perfect extended (2m + 1)-cycle systems can be equationally defined for 
2m + l =3,5,  and7. 
Proof. We already know that 3ECSs can be equationally defined. It is less than trivial 
to show that the quasigroup constructed from a 5ECS using the standard construc- 
tion satisfies the identities (yx)x = y and x(yx) = y(xy) and Theorem 3.1 shows that 
any quasigroup satisfying these identities can be constructed from a 5ECS. It follows 
that 5ECSs can be equationally defined. Similar comments how that 7ECSs can be 
equationally defined. [] 
4. 2-perfect (2m+l)ECSs can be equationally defined for 2m+1=3, 5, and 7 only 
Theorem 3.3 shows that 2-perfect extended (2m + 1)-cycle systems can be equa- 
tionally defined for 2m + 1 = 3, 5, and 7. We now show that these are the only classes 
of(2m + 1)ECSs that can be equationally defined. Actually this is quite easy to do and 
follows from the results in [1] where it is shown that 2-perfect m-cycle systems can be 
equationally defined for m = 3, 5, and 7 only. 
Theorem 4.1. 2-perfect extended (2m + 1)-cycle systems can be equationally defined for 
2m + 1 = 3, 5, and 7 only. 
Proof. In view of Theorem 3.3 we need to consider only (2m + 1)ECSs where 
2m+1~>9.  
It is immediate that the quasigroup (S,o) constructed from a 2-perfect (2m + 1)- 
cycle system using the standard construction is antisymmetric, .e., a o b ¢ b o a for all 
a ¢ b e S. The same is true for the quasigroup constructed from a (2m + 1)ECS using 
the standard construction. Now, in [1] a 2-perfect (2m + 1)-cycle system (S, C) is 
constructed for every 2m ÷ 1 ~> 9, with the property that the quasigroup (S,o) con- 
structed from it using the standard construction has a homomorphic image (Q, ®) 
containing at least one pair of elements a ~ b such that a ® b -- b ® a. Hence, (Q, ®) 
cannot be constructed from a 2-perfect (2m + 1)ECS. Now if we add a loop to each 
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vertex of S then (S, C ~) is an extended (2m + 1)-cycle system, (S, o) is constructed from 
(S, C l) using the standard construction, and has a homomorphic mage (Q, ®) which 
cannot be constructed from a (2m + 1)ECS using the standard construction. Hence, 
the class of finite quasigroups constructed from 2-perfect (2m + 1)ECSs is NOT 
closed under the operation of taking of homomorphic mages and so cannot consti- 
tute the finite members of a variety of quasigroups. [] 
5. m-perfect (2m + 1)ECSs 
Let (S,C t) be a (2m + 1)ECS of order n and denote by C~(k) the collection of 
distance k graphs of graphs in C ~. If the graphs in C(k) partition Kt, with vertex set S, 
then (S, C t) is said to be k-perfect. 
Now given a (2m + 1)ECS (S, C l) we can define a commutative groupoid as follows: 
x o y = y o x = vertex opposite to the edge (x, y) in the graph of C ~ containing the edge 
(x, y). So there is no confusion that the vertex opposite to the edge (x, y) is z if and only 
if (x = Xo, y = Xl,X2 ..... z = xm+~, xm+2 .. . . .  xz,,) e C z. This construction is called, 
not too surprisingly, the opposite vertex construction. It is immediate that (S,o) is 
a quasigroup if and only if (S, C ~) is m-perfect. 
To say that m-perfect (2m + 1)ECSs are equationally defined means that there exists 
a collection of quasigroup identities I such that a finite quasigroup belongs to the 
variety of quasigroups V(I) if and only if it can be constructed from an m-perfect 
(2m + 1)ECS using the opposite vertex construction. 
The following theorem can be found in [7]. 
Theorem 5.1 (Lindner and Rodger [-7]). m-perfect (2m + 1)-cycle systems can be 
equationally defined if and only if 2-perfect (2m + 1)-cycle systems can be equationally 
defined. 
An almost verbatim copy of the proof of this theorem gives the following result. 
Theorem 5.2. m-perfect (2m + 1)ECSs can be equationally d@ned if and only if 2- 
perfect (2m + I)ECSs can be equationally defined. 
Proof. Let (Q, C~) be a 2-perfect (2m + 1)ECS and (Q, C~) an m-perfect (2m + 1)ECS. 
Let (Q, o1,\1,/1 ) be the quasigroup constructed from (Q,C ~) using the standard 
construction and (Q,%,\2, /2)  the quasigroup constructed from (Q, Ct2) using the 
opposite vertex construction. A proof identical to Lemma 2.3 [7] shows that: if 
Cl2 = C[(2) (and therefore C] = CZz(m)), then ol = \2, 02 = \1, and /1 and /2 are 
transposes. Let w(x,y) be any quasigroup word in the free quasigroup on the two 
generators x and y. We will denote by sw(x,y) the word obtained from w(x,y) be 
replacing 'o '  wi th ' \ ' ,  ' \ '  with 'o ' ,  and any subword of the form 'a(x, y)/b(x, y)' with 
"b(x,y)/a(x,y)'. If I is any set of quasigroup identities, set S(I)= {sw(x,y)= 
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sv(x,y) lw(x,y) = v(x,y) e I}. It is immediate that if(Q, ol, \1,/1) and (Q, o2, \2,/2) are 
quasigroups where ol = \2, \1 = 02, and/1 and/2 are transposes, then one of these 
quasigroups atisfies a set of identities I if and only if the other quasigroup satisfies the 
identities S(I). Now suppose 2-perfect (2m + 1)ECSs can be equationally defined and 
let I be a defining set of identities. Since any m-perfect (2m+ 1)ECS 
(Q, C~) = (Q, C~(2)) for some 2-perfect (2m + 1)ECS (Q, C~), the quasigroup construc- 
ted from (Q, C~) using the opposite vertex construction satisfies the identities S(I). On 
the other hand, if (Q, o2,k2,/z) satisfies the identities S(1), (Q, o1,\1,/1) (where 
°1 = \2, \1 -- 02, and/1 and/2 are transposes) satisfies the identities/. Let (Q, C]) be 
the 2-perfect (2m + 1)ECS from which (Q, Ol, \1,/1) is constructed using the standard 
construction. Then, (Q, o2, \2,/z) is the quasigroup constructed from the m-perfect 
(2m + 1)CS (Q,C](2)) using the opposite vertex construction. The proof of the 
converse follows similarly. [] 
Theorem 5.3. m-perfect (2m + 1)ECSs can be equationally defined if and only if 
2m + 1 =3,5 ,  and7.  
Proof. The proof follows from Theorem 5.2, using Theorems 3.3 and 4.1. [] 
6. Summary of results 
We summarize the results of this paper in the following 'easy to read table'. 
/-Perfect decomposition of 
K.  l into copies of 
o/ \  
v v 
Steiner triple system 
Extended triple system 
5-cycle system 
Equivalent quasigroup using 
the standard construction 
i=2  
X2~X 
(yx)x = y 
xy  = yx  
(yx)x  = y 
xy  = yx  
X2~X 
(yx)x  = y 
x(yx)  = y (xy)  
Equivalent quasigroup using 
the opposite vertex 
construction 
i = (m - 1) /2 
X2~X 
(yx)x = y 
xy  = yx  
(yx)x  = y 
xy  = yx  
X2~X 
xy  = yx  
( (xy) \x )y  = (xy)ky  
C.C. Lindner, C.A. Rodger/Discrete Mathematics 173 (1997) 1 14 13 
O O---. 
O 
Extended 5-cycle system 
0O 
7-cycle system 
O 
O 
Extended 7-cycle system 
m ~> 9, m is odd; 
m-cycle systems and 
extended m-cycle systems 
(yx)x : y 
x(yx) = y(xy} 
X2=X 
(yx)x = y 
(xy)(y(xy)) = (yx)(x(yx)) 
(yx)x = y 
(xy)(y(xy)) =b, xI!x(yx)) 
xy = yx 
( (xy ) ' , x )y= (xy)'\y 
X 2 : X 
xy = yx 
x',,((xy)',,x) = ((xy)",,x)(y' ((xy}, 3')) 
xy = yx 
x',((xy),,x) = ((xy)~x)(y' ((xy 'y t 
Cannot be equational ly defined 
7. Concluding comments 
Some fairly serious comments concerning the definition of extended cycle systems 
are in order. In particular, why, with respect to the standard construction, we do not 
consider the case of 2-perfect 2m-cycle systems. The genesis of this study was the 
extrapolation of the symbiotic relationship between Steiner triple systems and ex- 
tended triple systems and their defining sets of identities. Since 2-perfect cycle systems 
can be equationally defined for cycle lengths 3, 5 and 7 only, and in each case the 
graph decomposition obtained by dropping the idempotent law from the defining sets 
of identities consists of loops, tadpoles, and cycles, this seems about as good a general 
definition as any for an extended cycle system for odd cycle lengths. For even cycle 
lengths, for reasons too technical to go into here, this is just not a 'good definition'. 
Hence, the consideration of odd cycle lengths only with respect o the standard 
construction. Of course, with respect o the opposite vertex construction, we must  use 
odd cycle lengths. 
We need to mention the defining identities for the varieties of quasigroups 
obtained from 2-perfect extended 5-cycle systems and 3-perfect extended 7-cycle 
systems using the opposite vertex construction. The defining identities given in 
the table are the 'translations' of the corresponding identities used to define the 
varieties of quasi groups obtained from 2-perfect extended 5-cycle systems and 
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2-perfect extended 7-cycle systems using the standard construction. (This is gua- 
ranteed by Theorem 5.2.) It is important o note that the /-perfect cycle systems 
constructed in each case are constructed from the 'multiplication' table of the quasi- 
group (Q, o, \,/). 
Finally, we would be remiss not to mention the various spectrum problems 
associated with extended cycle systems. As far as the authors know, nothing is 
known about the spectrum of extended cycle systems, 2-perfect or otherwise, xcept 
in the case of extended triple systems, where the spectrum consists of all n. There 
is an enormous amount of work to be done on these problems. However, the object- 
ive of this paper is the problem of equationally defining extended odd length cycle 
systems, and we have given the complete solution with respect to both the 
standard construction and the opposite vertex construction. That's enough for one 
paper! 
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